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1. Introduction. Let f be a complex-valued function on E™, Euclidean
m-space, which has the property that for each h € E™, the function A.f:
Axf(x) = f(x + h) — f(x) is continuous (or is a polynomial, or an exponential
polynomial). Then f itself need not be continuous (or a polynomial, or an
exponential polynomial), for there exist nonmeasurable additive functions
on E™, that is, nonmeasurable solutions I of the functional equation I'(x + y)
= I'(x) + I'(y). However, de Bruijn [1], [2] (for E") and Kemperman [7],
[8] (for E™) showed that, among many others, the classes of continuous
functions, polynomials, and certain classes of trigonometric and exponential
polynomials have the property that if A.f is in the class for each h € E™,
then there exists an additive function I on E™ such that f — T is in the class.

Let G be an abelian topological group, and let @ be a class of complex-
valued functions on G which contains the constant functions, and such that
f.g € implies f — g € @ and f, € @ for each h € G, where fi(x) = f(x + h).
The class  is said to have the difference property if the following implication
holds: let f be a complex-valued function on G such that A,f € @ for each
h&E G. Then there is an additive function I' on G such that f— I €Q.

Except where the contarary is explicitly stated, G will denote an abelian
locally compact group. The product of m copies of the reals will be denoted
by E™, and the group of integers by C. All functions considered are complex-
valued. It is known [ 3] that the class of continuous functions on G has the
difference property. The principal results of this paper are Theorems 1 and
2, which give necessary and sufficient conditions on G in order that the class
of polynomials on G (as defined, for instance, in [6]) and the class of ex-
ponential polynomials on G have the difference property.

2. The difference property for polynomials. A function P on G is a poly-
nomial of degree N (N < »), provided
(P1) for each (a,b) € G X G, the function

Po:Py(N) =P (a+b) \e0)
is a polynomial on C.
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(P2) if N, ; denotes the degree of P, ,, then N = max{N, ,: (a¢,b) € G X G},
and

(P3) P is continuous on G.

An element b € G is said to be compact if the closure of the subgroup
generated by b is compact. The set B of all compact elements is a closed
subgroup [11]. Since G = E™ 4+ G, where G’ contains a compact open sub-
group [12], it follows that G/B = E™ +G,, where G, is discrete. If a func-
tion P has properties (P1) and (P3) on G, if a € G and b & B, then the set
of polynomial values { P,(A): A € C} is bounded, since {a + A\6: A € C| has
compact closure. Thus P,(\) = P(a), so that P is constant on cosets of B,
and is essentially a function on G/B.

A set HC G is a Hamel basis for G provided that for no finite subset
{bo, by, -+, by} of H do there exist integers N 0, ny, ---,n, such that Nb,
=n;b, 4+ --- 4+ nybs, and provided that H is maximal with respect to this
property. It follows from the Hausdorff maximal principle that every abelian
group has a (possibly empty) Hamel basis. If x & G, then there exist uniquely
determined elements b,, - - -, b, in H and integers N = 0, ny, ---,n; such that

(2.1) Nx=nb,+ --- + n,b,.
If (2.1) holds, we shall write
x~(ny/N)bi+ -+ + (ny/ N)bp=ri(x)b1+ - - - +1(x)by.

In this way there is associated with each b, & H a rational-valued function
r,on G, and r, is easily seen to be additive.

THEOREM 1. Let G be an abelian locally compact group, and let B be the group
of compact elements of G. A necessary and sufficient condition in order that the
class of polynomials on G have the difference property is that G/B = E™ + G,
where G, has a finite Hamel basis.

The following example shows the necessity of the condition.

ExaMpPLE 1. Let G/B = G, + E™ where G, is discrete and has an infinite
Hamel basis. Then there exists a continuous function on G which is not a
polynomial, but each of whose differences is a polynomial. It suffices to show
that such a function f exists on G,, for then the function

fi:fi(x) = f(PyPx),

where P, and P, are the natural mappings from G to G/B and from G/B
to G, respectively, is an extension of f which has the required properties
on G. Let b,,b,, - -- be a countably infinite subset of the Hamel basis of G,
let ry, 7y, --- be the corresponding rational-valued functions, and let

f) =2 (rx) (xEG).
v=1
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If h is an arbitrary fixed element of G,, there is an integer N= N(h) such
that » > N implies r,(k) = 0. Thus, from the additivity of the r,,

N
flx+h) —f(x)= 7:‘1 [ (r(x)+r,h) — (r(x)"],

a polynomial.

It may be noticed that the function f in Example 1 satisfies (P1). In fact,
the following is true: if G is an arbitrary abelian group, and if P is a function
on G such that, for each (a,b) € G X G, the function given by A,P(a + \b)
(A € C) is a polynomial on C, then P has property (P1). For, given (a,b), it
is easy to construct a polynomial @, ;, on C such that

Qo b(\ + 1) — Q4 s(\) = 4, P(a + \b) e 0),
Q.,5(0) = P(a).
Then P(a + A\b) = Q, ().

Example 1 shows that, in general, the degree N,, of P, is not a bounded
function on G X G. Even on C + C, there exists a function satisfying (P1)
with N, , unbounded [4].

Proof of Theorem 1. Sufficiency. Let f be a function on G such that A,fis a
polynomial for each h € G. Then f may be taken to be a continuous function,
since otherwise there is an additive function I'; on G such that f — I'; is con-
tinuous, and the differences of f — I'; will be polynomials. Also, f has property
(P1) and therefore can (and will) be considered simply as a function on G/B.

Clearly, G/ B contains a dense subgroup G’ which has a finite Hamel basis,
viz., G’ = R™ + G,, where R denotes the subgroup of E consisting of the
rational numbers. If H = {h,, .--,h,| is a Hamel basis for G’, and if G” is
the group generated by H, then G” is isomorphic to C*. The isomorphism
¢ can be chosen so that ¢h;=¢; has §; as its jth coordinate. Let poly-
nomials f; (i = 1, .- -, p) be defined on C? by

filox) = Anf(x) (xeG”).
Then, clearly,
(2'2) A(,f]=A¢1fl (i)j= 1,""p)-

But (2.2) implies that there exists a polynomial g* on C? such that g*(x + ¢)
—g*(x) =f(x) (i=1,---,p). Explicitly, g* = g,, where g, is given on C*
(k=1,2,...) by

gO‘—_‘O7

(23) gk(nb tt nk—bnk) =gk—l(n1a Sty nk—l)

M
+ Zocm,k(nh e, Mpoy) (Bm+l(nk) _Bm+1)/(m+ 1).
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Here, the c,, ; are the polynomials obtained from

M
fk(nl’ Tty nk—l’nan, M 0) = Z cm,k(nla Tty nk—l)(nk) m’
m=0

while B,(x) and B, are the mth Bernoulli polynomial and number re-
spectively. This assertion can be proved by induction on p. (Note that
the well-known identity

(Bryi(x + 1) = Bpi(x))/(m + 1) = 2™
[10] implies. that the sum (2.3) is

-1 np—1
@.4) (- Z+ X )it weomacsi,
J=nk Jj=0
the first (respectively, second) sum in (2.4) being empty if n, = 0 (resp.,
if ny <0).)
Also, g* has a unique extension as a polynomial g** on all of R”. Let g
denote the function on G’ given as follows: if

P
x ~ Y.rih, theng(x) =g**(ry,---,rp.

i=1
Clearly, g satisfies (P1) and is of bounded degree. Since A (f —g)(x) =0
foreach x&€G” (i=1,.-.,p), it follows that f — g is constant on G”. If x
is any point in G’, then there exists a positive integer K such that uKx € G”
for all x in C. Then the polynomial in A given by f(Ax) — g(Ax), being con-
stant for \=uK (uEC), is a constant on C, so that f is a polynomial on G’.
If N—1 is its degree, then A} f(a) vanishes for all (a,b) € G X G’, and
therefore, by continuity, for all (a,b) € G X G. But this implies that f is a
polynomial of degree N — 1 on G:

N-1 n
A
fatiw= X > 0(3) () fatt)  0ECabED.

3. The difference property for exponential polynomials. A function z on G
is a generalized character if z is a continuous homomorphism from G to the
multiplicative group of nonzero complex numbers. A function e on G is an
exponential polynomial if

n
e = ZPiZi,
i=1

where each P; is a polynomial and each z; is a generalized character. If each
P;is a constant, and each z; is an ordinary character, then e is said to be a
trigonometric polynomial.
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THEOREM 2. Let G be an abelian locally compact group. A necessary and
sufficient condition in order that the class of exponential polynomials on G have
the difference property is that G be compactly generated.

Let f be a function on G such that
(3.1) anf = ;Pﬁ:za (hEG)

where {z,;a € A} is the set of all generalized characters on G, each Pj is a
polynomial on G, and, for each fixed h €G,

(3.2) Pi=0  fora =aih), -, aumh).

Since the class of continuous functions on G has the difference property,
f may be taken to be continuous.

Distinct generalized characters are linearly independent over the ring of
polynomialson G (Lemma 3.1, below). Hence, f will be an exponential poly-
nomial if and only if there exist polynomials {@*a €A} such that

(3.3 AlQ%2) = Piz, (hEG,a €A),
and
(3.4) Q=0 fora Zay, -, ap
for then it is clear that
f=2 Q2.
aEA

The proof of the sufficiency portion of Theorem 3 consists in constructing
polynomials @~ satisfying (3.3), and showing that (3.4) also holds. If G is
not compactly generated, however, then it is not true that (3.2) and (3.3)
imply (3.4), even when {A,f:h € G} are all trigonometric polynomials. This
is shown in Theorem 3, from which the necessity of the condition in Theorem
2 will follow.

LeMMA 3.1. Let Gbean arbitrarygroup, let z,, - - -, 2, be distinct homomorphisms
of G into the multiplicative group of nonzero complex numbers, and let P, ---, P,
be complex functions satisfying (P1). If

(3.5) Piz;+ .-+ P,z, =0,
thenPlE ---EP,,EO.

Proof. First, consider the special case G = C. Since z,, - --, 2, are distinct,
the complex numbers z,(1), - --,2,(1) are necessarily distinct. If not all P;

are identically zero, then, reordering if necessary, it may be assumed that
for some integer p, 1 < p <n,
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zj(1)/z,(1) = e*i %1 (B;real, 2 <j <p),
2| >z  @+1=j=n),
Pj(A) = cA"+0(\""") asA — (1=j=p;c,=0).
It follows upon division of the terms of (3.5) by A™z,(\) that

p
(3.6) = — 2. ce+ 007 asiA — w.
=2

Thus, taking A = 1,2, --.,N in (3.6), adding, and dividing by N, it is seen
that

cjei (e’”N 1)

3.7 ¢;=— (1/N) Z + O(N~'log N).

Letting N approach infinity in (3.7), it follows that ¢, = 0, a contradiction.
In the general case, we prove by induction on n that P,(x) = 0. This is
obvious for n = 1, since 2, is never zero. Now let n > 1, and suppose the
result holds for all p < n. Choose x, & G such that z,(x¢) = 2,(xy); this is
possible since the 2’s are distinct. Suppose that z,(x¢) = z5(x¢) = -+ = 2,(x)
for some integer p, 1 < p <n, while 2{(xg) = 2,(x)) for p <j =n. Then

Zn:le(x + Ax)zi(x 4+ Axg) = [ ile(x + Axo)2j(x) ]zl()\xo)
]= ]=

+ Z Pi(x + Axg)zi(x + Mxo).
j=p+1

For each fixed x, this expression can be considered as an exponential poly-
nomial on C, and z;(\) = 2,(Ax,) is distinct from the other generalized charac-
ters. Its coefficient is therefore zero for each A € C. Hence, for each x €G

Z;P (x)zj(x) = 0,
]’
so that P,(x) =0, by the induction assumption.

LEMMA 3.2. Let G be an abelian topological group, let z # 1 be a generalized
character on G, and let { Py: h € G | be a collection of polynomials on G such that

(3.8) Py(x + h’)2(h’) — Py(x) = Pp(x 4+ h)z(h) — Py(x),
for all h,h',x in G. Then there exists a polynomial Q on G such that
(3.9) AQ2) = Pyz (hEe@).

Proof. Let h € G be such that |2(h)| < 1, or, if there is no k with this pro-
perty, i.e., if |2| =1, let 2(h) = 1. Consider the expression
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(3.10) lim {— io(z(h)r) "Py(x + nh) } xE0.

r—l—

If |z2(h)| <1, then the r in the summation may be replaced by 1, and the
lim omitted. Since P, is a polynomial,

N
(3.11) Py(x + nh) = XY c(x)n* (x €G),
k=0

where each c,(x) is a polynomial on G, obtainable explicitly from setting
n=20,1,-..,N in (3.11) and solving by Cramer’s rule. The sum in (3.10)
is given for 0 <r <1 by

N © N d k 1
k n__ _ \ il -
- Tatn) Snehn’= - Ta {y dy} <1_y)

Hence the limit in (3.10) exists and yields a polynomial on G; let this poly-
nomial be denoted by Q. Let ' and x be arbitrary elements of G. Then

Q(x + h)z(h") — Q(x)
(3.12) = lim { _ ;(Z(h)r)"[Ph(x + h’ + nh)Z(h/) _P,,(x + nh) ] }.

r—l-—

y=rz(h)

From (3.8), the right-hand side of -(3.12) is

lim { i: (h)r)" [ Pu(x +(n+1)h)z(h)—P;,f(x+nh)]}

r—l-—

(3.13)
=P,(x)— lim (1 —r) ZP,, (x+nh)z(h)"r* = Py (x),
r—l—
so that (3.9) follows from (3.12) and (3.13).
Proof of Theorem 2. Sufficiency. Let f be a function (which may and will
be assumed to be continuous) such that (3.1) and (3.2) hold. From (3.1),
Lemma 3.1, and the identity

ApAuf = AwAWf,

it follows that (3.8) holds for each generalized character 2. For each z, except
2o = 1, it follows from Lemma 3.2 that there exists a polynomial @* satisfy-
ing (3.9); in particular, if P; =0 for all A, then @ = 0. But only finitely
many @ can be nonzero. For suppose that @ #0 (i = 1,2, .-.), with P}
and z; the corresponding polynomials and generalized characters. For each
h €G, (3.2) shows that there exists an integer i(h) such that Pj =0 for
i = i(h). Hence, from (3.3),

Qx+hzh) — Q) =0 ([ zik),x€Q),
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whence it follows that zi(h) = 1 for i = i(h). Let
Hj= {h:h €G,2(h) =1 for all i 2j}.

H;is a closed subgroup of G,Hj,; D H; and G = U Hj, so that at least one
H; is of positive Haar measure, and thus open [5]. Therefore H; is open
for allk > j. Let A be a compact neighborhood of 0 which generates G. Then
U {Hy k 2 j} covers G, so that A is covered by some Hy, whence Hy= G.
Therefore z; = 1 for all i = N, contradicting the distinctness of the z;. Since
Q@ =0 for all but finitely many a, the function given by g =) @%, (the
summation taken for all « such that z, # 1) is an exponential polynomial,
and, for each h,A,(f — g) is clearly a polynomial on G. But the function
f — g is continuous, and the class of polynomials on G has the difference
property from Theorem 1, since G is compactly generated only if G, is finite-
ly generated. Hence, f — g is a polynomial on G.

Intheproofjust given, use was made of the fact that a compactly generated
group G is not the countable union of a strictly increasing sequence of closed
subgroups. Conversely,

LEMMA 3.3. If the locally compact abelian group G is not compactly gener-
ated, there is a sequence {H;| of closed subgroups of G, such that H; C H;,
(strictly) and U H; = G.

Proof. There is a compact subgroup G’ of G such that G/G’ = EP + G,,

with G, discrete. Since G is not compactly generated, it follows that G, is
not finitely generated. It is known [9] that

Gz= USn’

n=1

where each S, is a direct sum of cyclic groups, and S, C S,,,. If the inclusion
is proper for infinitely many n, the choice of the H; is clear, and the lemma
follows. Otherwise, G is itself a direct sum of infinitely many cyclic groups:

G2 = ZA,,.

Let {A.,, A, --- | be a countably infinite subset of {A,}, and let
Hi =E* +Z{Aa AF 1, Qg }
Then H; C H;,, properly, and their union is G.

THEOREM 3. Let G be an abelian locally compact group. The class of trig-
onometric polynomials on G has the difference property if and only if G is
compactly generated.

Proof. The sufficiency is clearly a corollary of the sufficiency proof of
Theorem 2. If G is not compactly generated, let { H;} be the sequence given
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by Lemma 3.3, and for each j let z; be a character identically 1 on H; but
not identically 1 on G; such characters exist [ 11]. Let )_a; be a convergent
infinite series of positive numbers, and let f be defined by

(3.14) f= Zlajzj.
=
If h € G is given, there exists an integer k = k(h) such that h € H,,,. Then

k
flx+h) — f(x) = Zlaj(z,-(h) — 1)z(x),
&~

a trigonometric polynomial.
Suppose now that f, given by (3.14) is also given by

(3.15) f= ipizai'f_ r,
=1

with polynomials P;, generalized characters z,;, and an additive function
T. Let z; be a character appearing in (3.14) but not in (3.15), and let hE G
be chosen such that z;(h) = 1. Then z; appears in the expression for the
exponential polynomial Af obtained from (3.14) but not in that obtained
from (3.15). This contradicts Lemma 3.1. Thus the necessity portions of
both Theorem 2 and of Theorem 3 are established.
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